Subproduct systems of Hilbert spaces: 
dimension two 



Boris Tsirelson 



Abstract 

A subproduct system of two-dimensional Hilbert spaces can gener- 
ate an Arveson system of type I\ only. All possible cases are classified 
up to isomorphism. This work is triggered by a question of Bhat: 
can a subproduct system of n-dimensional Hilbert spaces generate an 
Arveson system of type // or III? The question is still open for n > 2. 
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1 Discrete time 

Subproduct systems of Hilbert spaces and Hilbert modules are introduced 
recently by Shalit and Solel [5] and Bhat and Mukherjee [3J. 

In this section, by a subproduct system I mean a discrete-time subproduct 
system of two-dimensional Hilbert spaces (over C), defined as follows. 

1.1 Definition. A subproduct system consists of two-dimensional Hilbert 
spaces E t for £ = 1,2,... and isometric linear maps 

P. t t : E s+t ^E s ®E t 
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for s, t G {1,2,...}, satisfying the associativity condition: the diagrairQ 



E, 



'r+s+t 



E r+S <g> E t 




E r <g> E. 



s+t 



E r ® E s ® E t 
is commutative for all r, s, i G {1, 2, . . . }. 

1.2 Proposition. For every subproduct system there exist vectors x t , yt G E t 
for t = 1,2,... such that one and only one of the following five conditions is 
satisfied. 

(1) There exists a G [0, 1) such that for all s, t G {1,2,...} 



(2) There exists a G [0, 1) such that for all s, t G {1,2,...} 
INI = \\Vt\\ = 1 , fouVt) = a* , 



(3) There exists A G C \ {0} such that for all s, t G {1, 2, . . . } 

W = l, ||^|| 2 = 1 + |A| 2 + |A| 4 + --- + |A| 2 '- 2 , (x t ,y t )=0, 
(3 s> t(x s+t ) = x s ® x t , Ps,t(y*+t) =y s <&xt + A s x s ® y t . 

(4) For all s, t G {1, 2, . . . } 

11^11 = 11^11 = 1, (x t ,y t ) = 0, 
Ps,t( x s+t) = x s ®x t , p s>t (y s+t ) =y s <g)x t . 

(5) For all s, t G {1, 2, . . . } 

||x t || = ||y t || = l, (xt,yt) = 0, 
/3 S) t(a; s+t ) = x s <8> x t , (3 s>t {y s +t) = x s ®y t . 



INI = IMI = 1 , fo,2/t) = a , 

p Sjt (x s+t ) = x s <g> x t , PsAvs+t) = y s ®yt- 




1 Of course, l t : £t — > £7 t is the identity map. 
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Proof. The five conditions evidently are pairwise inconsistent; we have to 
prove that at least one of them is satisfied. 

Ignoring the metric, that is, treating the Hilbert spaces E t as just lin- 
ear spaces, and using the classification given in [HI Sect. 7] we get linearly 
independent vectors x t ,yt G E t that satisfy the formulas for /3 S)t (x s+t ) and 
@s,t{Vs+t) but maybe violate the formulas for ||x t ||, \\y t \\ and (x t ,y t ). 

We postpone Case 3 and consider Cases 1, 2, 4 and 5. The right-hand 
sides of the formulas for ft S)t (x s+ t) and f3 S)t {y s +t) are tensor products. Taking 
into account that generally the relation i = t/®z^0 implies 




we normalize x t ,y t (dividing each vector by its norm). Thus, 

\\ x t\\ = \\yt\\ = 1 f° r all t . 

Case 1. We have (x s+t ,y s+t ) = (P s ,t( x s+t), Ps,t(ys+t)) = (x s ®x u y s ®y t ) = 
(x s ,y s )(x t ,y t ), therefore 

(x t , yt) = a 1 for all t , 

where a = (xi,yi), \a\ < 1. Replacing y t with e ltip y t for an appropriate ip we 
get a G [0, 1). 

Case 2. Denoting (x t , yt) by c t we have 

if s is even, 
if s is odd, 

thus c 2n = |ci| 2n , c 2n+ i = ci|ci| 2n . Replacing x 2n +i with e lip x 2n +i and y 2n +i 
with e~ lip y2n+i for an appropriate ip we get c\ G [0, 1). 

Case 4. We have (x s+t ,y s+t ) = (x s ,y s ), thus (xt,^) = (xi,yi). Replacing 
y t with 

yt - (yt,x t )x t y t - {y^x^xt 
\\y t - (y t , x t )x t \\ \\y t - (yi, xi)x t \\ 

we get (x t ,y t ) = 0. 

Case 5 is similar to Case 4. 

The rest of the proof treats Case 3. 

First, we may prove the condition \\yt\\ 2 = 1 + |A| 2 + ■ • • + |A| 2 * -2 for t = 1 
only (that is, just \\yi\\ = 1), since the other conditions imply 

\\y s +t\\ 2 = \\(3 s ,t(y s+t )\\ 2 = \\y s (g) x t \\ 2 + \\\ s x s ®y t \\ 2 = \\y s \\ 2 + \\\ 2s \\y t \\ 2 . 



\CgCj 
°s+t — \ _ 

\c s c, 
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Second, the condition = 1 can be ensured by dividing all y t by \\yi\\. 
Thus, we need not bother about \\yt\\- 

We still can normalize vectors x t (but not yt), since /3 Si t(x s +t) = x s ® x t . 
Thus, 

\\xt || = 1 for all t . 
Denoting (x t ,y t ) by c t we have 

c s+t = C s + A S Q . 

Sub-case 3a: A = 1. We have c s+t = c s + c t , thus c t = tc\ for all t. 
Replacing y t with y t - tc x x t we get (x t ,y t ) = 0. 

Sub-case 3b: A ^ 1. We may replace y t with y t + a(A* — l)x t (a will be 
chosen later), since 

MVs+t + a(A s+ * - l)x s+t ) = 

= y s <g> x t + X s x s ® 



,®x t + \ s x s ®y t + a(X s+t - l)x s ®x t = 
= (y s + a(\ s - l)x s ) ®x t + \ s x s ® (y t + a(A* - l)s t ) 



An appropriate choice of a gives ci = and therefore c t = for all £. 



□ 



A system of vectors Xt, yt cannot satisfy more than one of the five con- 
ditions of Theorem 11.2} and moreover, the corresponding parameter (a or 
A, if any) is determined uniquely. We say that a system (x t , yt)t=i,2,... is a 
basis of type £\{a) if it satisfies Condition (1) of Theorem 1 1 . 2 1 wit h the given 
parameter a. Bases of types £2(0,), ^(A), £4 and £5 are defined similarly. By 
Theorem 11.21 every subproduct system has a basis. It can have many bases, 
but they all are of the same type, which will be shown in Lemma 11.41 

1.3 Definition. An isomorphism between two subproduct systems (Et, /3 s ,t) 
and (F t , 7 S) t) consists of unitary operators 9 t : E t — > F t for t = 1, 2, . . . such 
that the diagram 

Am 



E 



s+t ■ 



E K ® E t 



F s +t^F s 



is commutative for all t 6 {1, 2, . . . }. 

Subproduct systems having a basis of type £i(a) for a given a evidently 
exist and evidently are mutually isomorphic. The same holds for the other 
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types. Up to isomorphism we have subproduct systems 



Si(a) for a G [0,1), 

£ 2 {a) for a G [0, 1) , 

£ 3 (A) for A G C \ {0} , 

£5. 

1.4 Lemma. The subproduct systems listed above are mutually non-isomorphic. 

Proof. Ignoring the metric we get subproduct systems of linear spaces clas- 
sified in [HI Sect. 7]: 

subproduct system subproduct system of 

of Hilbert spaces linear spaces, according to [6j 

S 1 {a) £1 
£2(0) £2 

£ 3 (A) £ 3 (X) 

£4 £4 

£5 £5 

Isomorphism between subproduct systems of linear spaces is necessary for 
isomorphism between subproduct systems of Hilbert spaces. It remains to 
prove that £\{a) and £\{b) are isomorphic for a = b only, and the same for 
£2(a),£ 2 (b). 

Case £\{a). All product vectors in /? 1)1 (£ l 2 ) are of the form cx\ ® X\ or 
C V\ ®Vi ( c ^ C), see 0, Lemma 3.2]. Two one-dimensional subspaces of E 1 
are thus singled out. The cosine of the angle between them is an invariant, 
equal to the parameter a. 

Case £2(0) is similar. □ 

1.5 Theorem. Every subproduct system is isomorphic to one and only one 
of the subproduct systems £\(a), £2(0,), £3^), £4, £5- 

Proof. Combine Prop. [TT21 and Lemma □ 

An automorphism of a subproduct system is its isomorphism to itself. 
Given a basis (x t , yt)t of a subproduct system, each automorphism (6 t ) t trans- 
forms it into another basis (9 t x t , 0tVt)t, which leads to a bijective correspon- 
dence between bases and automorphisms (as long as the initial basis is kept 
fixed). All automorphisms are described below in terms of a given basis 
(x t ,yt)t- All bases are thus described. 
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Every subproduct system admits automorphisms 
(1.6) 9 t = e ict -l t 

for c G [0,27r), called trivial automorphisms. They commute with all auto- 
morphisms. 

The systems 8\(a) and 82(a) admit a nontrivial automorphism 
(1-7) 9 t x t = y t , 9 t y t = x t . 

The system 8±(0) (that is, £i(a) for a = 0) admits nontrivial automorphisms 

(1.8) 9 t x t = x t , 9 t y t = e M y t 

for b G [0, 271"). The system £2(0) admits nontrivial automorphisms 

, . 9 2n X2n — X2n , #2n2/2n = y 2n j 

(1.9) _., 

®2n-\X2n~\ = e X2n-1 , #2n-l2/2n-l = e ?/2n-l 

for 6 G [0,2tt). 

The systems £3 (A), £4 and £5 admit nontrivial automorphisms 

(1.10) 9 t x t = x t , 9 t y t = e ib y t 
for 6 G [0,2tt). 

1.11 Lemma. For the systems 81(a) and 82(a) with a ^ 0, every auto- 
morphism is the composition of a trivial automorphism and possibly the 
automorphism (11. 7j) . 

For the system £i(0), every automorphism is the composition of a trivial 
automorphism, possibly the automorphism (11.71) . and possibly an automor- 
phism of the form fll.8p . 

For the system £2(0), every automorphism is the composition of a trivial 
automorphism, possibly the automorphism (11.71) . and possibly an automor- 
phism of the form ( 11. 9ft . 

For the systems 83 (A), £4 and £5, every automorphism is the composition 
of a trivial automorphism and possibly an automorphism of the form (11.101) . 

Proof. By the definition of automorphism, f3 s j(9 s+t u) = (9 S ® 9 t )({3 Sjt (u)) for 
all u G -Es+t. 

For 84 we have ft St t(E s+t ) — E s ® x t , therefore 9 t x t = e 1Ct x t for some c t . 
The relation f3 s j(x s+ t) = x s ® Xt implies e 1Cs+ * = e 1Cs e 1Ct , since 

e iCs+t x s ®x t = (3 s , t (e iCs+t x s+t ) = 

= (3 s+t {9 s+t x s+t ) = (9 S ® 9 t )((3 s t(x s+t )) = 

= (9 S <g> t )(ac a ® x t ) = (fl s a; s ) ® (0 t ar t ) = e iCs x s ® e iCt x f ; 
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thus, 6 t x t = e lct x t . On the other hand, 6 t Vt — ^ at Vt for some a t , since d t y t 
is a unit vector orthogonal to 9 t x t . The relation (3 S)t (y s+t ) = y s ® x t implies 
e ia s+t _ e i<* Se irf. ^ _ e lh e lct y t where 6 = a a - c. 

For £5 the proof is similar. 

For £3 (A) we note that all product vectors in /3 S) t{E s +t) are collinear to 
(see [BJ Lemma 3.3]), therefore ^ t x 4 = e lc *x 4 for some c t . As before, 
the relation /3 Stt (x s+ t) = x s ®x t implies e 1Cs+t = e 1Cs e 1Ct , thus 9 t x t = e lct x t . On 
the other hand, QtVt = e iat Vt for some at, since QtDt is a vector orthogonal to 
6 t x t . As before, the relation p S)t (y s+t ) = y s <g> x t + X s x s £g> y t implies 

j a * +t (y s ®x t + X s x s ® y t ) = e ia ^ ® e 1 ^ + X s e ics x s ® e iat ^ , 

therefore e ias+t = e 1Qs e lc * and f ?/ f = e ib e lct y t - 

For £i(a) we recall the argument used in the proof of Lemma [Ol two one- 
dimensional subspaces are singled out; 9 t x t must be either e 1Ct x t or e 1Ct y t , and 
the same holds for 9 t yt- The relation (3 s>t (x s+t ) = x s ®x t implies e 1Cs+t = e 1Cs e 1Ct 
as before, but it also shows that the choice of x or y must conform at s, t 
and s + 1, which means that either Q t xt = e lct Xt for all t, or 9 t Xt = e lct yt for 
all t. Accordingly, in the first case dtyt — e ldt yt for all t, while in the second 
case QtVt = e ldt x t for all t. 

Assume for now that a ^ 0. The relation (x t ,yt) = a* gives e lct e~ ldt = 1 
and so, d = c. The first case leads to the trivial automorphism 

6 t (x t )=e ict x t , e t (y t )=e ict y t . 

The second case leads to 

6 t (x t )=e ict y t , 6 t (y t ) = e ict x t , 

the composition of a trivial automorphism and (jl.7p . 
Assume now that a = 0. The first case leads to 

9 t (x t )=e lct x t , 9 t (y t )=e ldt y t , 

the composition of a trivial automorphism and (11.81) . The second case leads 
to 

9 t (x t )=e ict y t , 6t(y t )=e idt x t , 

the composition of a trivial automorphism, (11.71) and (jl.8p . 

For 82(a): this case is left to the reader. (It will be excluded in Sect. [HI 
anyway.) □ 
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2 Time on a sublattice 

Let (E t ,P s ,t)s,t be a subproduct system, and m G {1,2,...}. Restricting 
ourselves to E m , E% m , ... we get another subproduct system (E mt , f3 ms ,mt)s,t- 
The type of the new system is uniquely determined by the type of the original 
system: 



type of (E t ) t type of (E, 



mt)t 



(2.1) £ 2 {a 



£i(a m ) if m is even, 

£<i{& m ) if m is odd 
£ 3 (X) £ 3 (X m ) 
£^ £4 
£5 £5 

Here and later on I abbreviate (E t , f3 Stt ) s ,t to (E t ) t . The proof of ( 12.11) is 
straightforward: every basis b = (x t ,yt)t of (E t ) t leads naturally to a basis 
R m {b) of (E mt ) t , namely, 

(2.2) R m : (x t ,y t ) t i-> (x mt ,y mt ) t 
when (E t ) t is of type £i(a), £2(0,), £4 or £ 5 , and 

(2.3) R m : (x t , y t )t ^ (x mt , Tj— ir2/mt) 

1 1 2/m II * 

when (-E't)t is of type ^(A). 

Every automorphism G = (9t)t of (E t )t leads naturally to an automor- 
phism S m (Q) = (9 mt )t of {E mt ) t . Clearly, 

R m (e(b)) = (s rn (e))(R m (b)), 

where automorphisms act naturally on bases: 

6(6) = (e t x t , 9 t y t ) t for 6 = (9 t ) t and b = (x t , y t ) t . 
Note also that 

(2.4) R mn (b) = R m (Rn(b)) , 

and S mn (Q) = S m (S n (Q)) for all m,n, b and 0. 

The map S m is a homomorphism from the group of automorphisms of 
(E t ) t to the group of automorphisms of (E mt ) t . 
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2.5 Lemma. For every m the homomorphism S m is an epimorphism. That 
is, every automorphism of (E mt ) t is of the form S m (Q). 

Proof. By Lemma 11.111 every automorphism of (E mt )t is the product of au- 
tomorphisms written out explicitly in (ll.6f) ( TT7TUT) . It is sufficient to check 
that each factor is of the form S m (Q). The check, left to the reader, is 
straightforward. (The case 82(a) will be excluded in Sect. El anyway.) □ 

2.6 Corollary. For every m the map R m is surjective. That is, every basis 
of (E mt )t is of the form R m (b) where b is a basis of (E t ) t . 

Proof. Let &o be a basis of (E t ) t and run over all automorphisms of (E t ) t , 
then S m (Q) runs over all automorphisms of (E mt ) t , therefore R m (Q(b )) = 
(S m (Q))(R m (b )) runs over all bases of (E mt ) t . □ 

3 Rational time 

In this section the object introduced by Def. II .11 will be called a discrete-time 
subproduct system. A rational-time subproduct system is defined similarly; 
in this case the variables r, s, t of Def. 11.11 run over the set Q + = Q D (0, 00) 
of all positive rational numbers (rather than the set Z + = Z n (0, 00) of all 
positive integers). 

3.1 Theorem. For every rational-time subproduct system there exist vectors 
Xt , Vt G E t for t G Q + such that one and only one of the following four 
conditions (numbered 1, 3, 4, 5) is satisfied. 

(1) There exists a G [0, 1) such that for all s, t G Q+ 



(3) There exist c G (0, 00) and a family (r]t)teQ + °f numbers T]t G C such 
that for all s, t G Q+ we have \rj t \ = 1, r) s+t = r] s r] t and 



\\ x t\\ = \\vt\\ = 1 , (xt,yt) = 0! , 
/3 Si t(x s+t ) = x s <g> x t , p a ,t(ys+t) = y s ®yt- 




(4) For all s,t G Q+ 

\\ x t\\ = \\Vt\\ = !, fauVt) = 0, 
P Sti (x s+t ) =x s ®x t , (3 3)t (y s+t ) =y s ®x t . 
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(5) For all s,teQ + 

INI = WvtW = 1 , fouvt) = o, 

/3 Sjt (x s+ t) =x s ®x t , /3 St t(y s +t) = x s ®y t . 

Proof. For each n = 1,2,... we consider the restriction of (Et)teQ+ to 
t G {l/n\, 2/n!, . . . }, the discrete-time subproduct system (E t / n i)tez+- 

The 

systems (£^/( n +i)!)tez+ an d (-^i/™ ! )tez+ are related as described in Sect. 2 (with 
m = n + 1). The first of such systems, (E t ) te % + , can be of type £\(a), ^(A), 
£4 or £ 5 but not £2(0) (since there is no corresponding type of (E t /2)tez + )- 
We postpone the case £3 (A) and assume for now that (E t )te% + is of type 
£i(a), £4 or £ 5 . Accordingly, the n-th of these systems, (E t / n \) te z + , is of type 
£i(a 1/,n! ), £ 4 or £ 5 . Using Corollary 12.61 we choose for each n — 1,2, ... a 
basis &i/„! of (E t/n i) teZ+ such that -R„+i(&i/(„+i)!) = b 1/n \ for each n. 

Every r G Q+ is of the form k n /n\ for n large enough. The basis b r = 
Rk n (bi/ n \) of (E r t)tez + does not depend on n due to (I2.4D . For the same 
reason, 

6 mr = R m {b r ) for all r G Q + and m = 1, 2, . . . 
We introduce x^,y^ G for t G Z + by 

K = (x { ^,y; r t > ) t&+ ■ 

Case £ 4 : by 

/ (mr) (mr)\ 7 p (U \ ( ( r ) ( r ) \ 

that is, = x^rt — x mrt depends only on mrt; vectors x t G E t for t G Q + 

are thus defined. The same holds for y t . Clearly, \\x t \\ = \\y t \\ = 1 and 
(xt,Vt) = 0. The relation f3 s j(x s+t ) = x s <g> x t for s,t G Q+ follows from the 
relation 

/3 ^(Vn!) \ _ _(V»!) ^ _(l/nl) 

Pfc/n!,«/n!V x (fc+0/"!/ _ X fc/n! ^ X «/™! 

for fc, / G Z + and n large enough. The same holds for y. 
Case £5 is similar. 

Case £i(a): as before, ( 12.21) leads to x t ,yt G E t for t G Q+; also \\x t \\ = 
\\y t \\ = 1, and (3 S)t {x s+t ) = x s ®x t , (3 S)t (y s+t ) = y s ®yt- The relation (x t ,y t ) = 
0} follows from the relation 



\x) 



„(l/n!) (1/r.lh _ ( n l/n\\k 
J k/n\ ' yfc/n! / — V" / 

for the system (E t / n i)tez + of type £\{a' 



,1/nh 
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Case £ 3 (A): the system {E t/n] ) t£Z+ is of type S 3 (X 1/n i) for some X 1/n < G 
C\ {0} satisfying A"J n! = A and A^ +1)! = X 1/n[ . We define A r for all r G Q+ 
by Xk/ni = X\ /n , and get X r+S = X r X s and |A S | = |A| S . By (EH]), 

^( mr ) 1 X mr )\ „ -h - ~R (h\ — /V r) 1 ? ,( r ) 
taking r = j^fj\ an d ™ = « + 1 we get for t G Z H 



™(l/«0 _ _(l/(«+l)0 1( (l/"0 _ 1 ..(l/(n+l)Q 

x t/n! ' y t/nl " n (l/(n+l)!) || ^t/n! 



We define x r for all r G Q+ by x t / n \ = xf/^ and get (3 Syt {x s +t) = x s ® x t as 
before; however, y needs more effort. We have 

lk$r iw ll 1 = ItoJSimll 2 = i + c 2/( " +1 * + • •• + c 2 " /( " +1)l . 

where c = |A|. 

Sub-case c = 1: we note that || 2 —n+1 implies 

1 (l/n!) _ 1 (l/(n+l)0 



^/n! = v ^TT)! y(n+1)t/(n+1)! ' 



define y r for all r G Q + by 



1 (l/n.!) 

y t /n\ = -F^y t / n \ 



and get for t G Z + 

ll^/n!l| 2 = ^ll^r !) H 2 = ^' 

that is, || || 2 = £ for all t G Q+. The relation 

flu, , ,/ ,^ (1/n!) 1 - 7/ (1/n!) » T (1/n!) 4- A fe T (1/n!) « 7/ (1/n!) 
Pk/n\,l/n\{y{k + i)/ n \) — V k/n \ ^ x l/ n \ + A l/n\ X k/n\ ® Vl/n\ 

implies P s>t (y s+t ) = y s ® %t + X s x s ® y t . It remains to define r) s by 

X s = \X s \r] s = c s 7] s . 

Sub-case 1: only the calculations related to ||y t || must be reconsidered. 
We note that 

_2/n! i 

,(l/(n+l)!)||2 _ c ~ 1 



\\V 



l/n! 11 " c 2/(n+l)! _ ]_ 
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implies 



J c 2/n\ _ 1 ? ,( 1 / n! ) _ J c 2/{n+l)\ _ 1 (V("+l)!) 
V c/ ^i/n! — V L i y(n+l)i/(n+l)! ' 

define ?/ r for all r G Q + by 



C 2/n! ~l (l/n!) f . _ 
?/*/nI = \/ c 2_ 1 for t G Z + 



and get 



C: 



/n! _ c 2t/«! _ \ c 2t/n\ _ ]_ 



IIWH = C 2 _ i • c 2/nl _ 1 = C 2_ l fortGZ + , 

that is, ||i/i|| 2 = (c 2 * - l)/(c 2 - 1) for all t G Q+. □ 

4 Arveson systems, Liebscher continuity 

An Arveson system, or product system of Hilbert spaces, consists of separable 
Hilbert spaces E t for t G M + = (0, oo) and unitary operators 

P a ,t ■ E s+t ^E s ®E t 

for s, t G R+, satisfying well-known conditions, see [H Def. 3.1.1]. 

4.1 Definition. Let (E t , f3 s ,t)s,teQ+ De a rational-time subproduct system (as 
defined in Sect. |3]) and (E t , /3 s ,t)s,tm+ an Arveson system. A representation 
of the subproduct system in the Arveson system consists of linear isometric 
embeddings 

a t :E t ^E t for t G Q+ 

such that the diagram 

E s+t -H E s ® £ t 

/3 s .t ~ * _ 

* E s <g> E t 

is commutative for all s,t G Q+. 

Denote by £ Sjt : E s <g> E t — > E t ® E s the unitary exchange operator, 
ZsAf®9)=9®'f- 



12 



4.2 Proposition. If (E t , /3 a t) a ,teQ+ admits a representation (in some Arveson 
system) then for every h G E\ the function 

{(fa-t{h),Zx-t,tPx-t,t(h)) fort GQn (0,1), 
[|H| 2 forte {0,1} 

is uniformly continuous on Q D [0, 1]. 

Proof. By a theorem of Liebscher [H Th. 7.7], for every Arveson system 
(Et, fis,t)s,tm+ the unitary operators Ut : E\ — > E\ defined for t G (0, 1) by 

k,i-t(Uth) = li- t ,A-t,t(h) for h e E x 

are a strongly continuous one-parameter unitary group (or rather its re- 
striction to the time interval (0, 1)) such that U\ — Uo — 1; of course, 
£ S) t : Eg ® Et —>■ Et ® E a is the exchange operator. It follows that for every 
h G Ei the function t i— > (U t h, h) is (uniformly) continuous on [0, 1]. We may 
rewrite it as 

(U t h,h) = 0tA-t(U t h),hi-t(h)) = (ii-tA-t,t(h)Jt,i-t(h)). 

Given a representation (ce t )t and a vector h G E\, we take h = aci(h) G E% 
and get 

h,i-t(h) = (a t ® ai-t)03t,i- t (/i)) ; 
li-t,th-t,t(h) = (at ® «i-t)6-t,t/5i-t,t(^) ; 

thus, 

(C/ t M) = (a-t,t/3i-t,*(/i),A,i-tW> 
for all t G Q H (0, 1). Also, (E/jA, fc) = (Z7 A, h) = fh\\ 2 = \\h\\ 2 . □ 

4.3 Corollary. A rational-time subproduct system satisfying Condition (4) 
of Theorem 13.11 admits no representation. The same holds for Condition (5). 

Proof. We take h — y\ and get ||/i|| 2 = 1 but 

(Pt,i-t(h),£i- t ,tPi-t,t( h )) = (Vt ® x i-t, x t ® j/i-t) = 
for all t G Q R (0, 1). Condition (5) is treated similarly. □ 

4.4 Lemma. If a rational-time subproduct system satisfying Condition (3) 
of Theorem 13.11 admits a representation then there exists i) 6 1 such that 
Vt = e ibt for all t G Q+. 



13 



Proof. It is sufficient to prove that rj t — ► 1 as t —> 0, t G Q + . We apply 
Prop. S21 to ft, = y x and get ||ft|| 2 = 1 but 

(A,i-t(/i),ei-MA- t> t(^)) = 

= (j/t ® ^l-t + c*77tx t (8) yi_ t , x t ® + c^V-ty* ® xi_ f ) = 
= cVlkt <g>j/i_t|| 2 + c 1_ *77x— ® xi^|| 2 = 

= ^(c*||j/i-t|| 2 + c 1 ~*^ 1 ||yt|| 2 ), 

since r] t r]i_ t = r\\ and 771-4 = l/^i-t- It remains to note that c*||?/i_ t || 2 + 
c 1 ^llMI 2 ~^ 1 as t — > 0, t G Q+, since ||yt|| 2 — > 0. □ 

4.5 Lemma. If a rational-time subproduct system satisfying Condition (1) 
of Theorem 13. II admits a representation then a 7^ 0. 

Proof. We define ft G £^1 by 

#0.5,0.6$) = a . 5 (x . 5 ) ® 0:0.5(2/0.5) 
and observe that ||ft|| = 1 but (C/ t ft, ft) = a 2 ' for t G Q n (0, 0.5). □ 

4.6 Theorem. For every rational-time subproduct system admitting a repre- 
sentation (in some Arveson system) there exist vectors x t ,yt G E t for t G Q + 
such that one and only one of the following two conditions (numbered 1, 3) 
is satisfied. 

(1) There exists a G (0, 1) such that for all s,t G Q+ 
\\ x t\\ = \\yt\\ = 1 , (xt,yt) = a* , 

p St t(x s+t ) = x s <g> x t , Ps,t(ys+t) = y s ®yt- 

(3) There exist c G (0, 00) and b G M such that for all s, t G Q + 

||ar t || = 1, (x t ,y t ) = 0, 

II || 2 = r ifc=l, 
im " \(c 2 *-l)/(c 2 -l) ifc^l; 

/5 Sji (x s+i ) = £ s <g> x t , PsAVs+t) = y s ®xt + c s e lbs x s ® y t . 
Proof. Combine Theorem 13 .11 Corollary 14. 31 Lemma H3 and Lemma l4~5l □ 

4.7 Lemma. Every rational-time subproduct system satisfying Condition 
(1) of Theorem 14.61 admits a representation in an Arveson system of type I\. 
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Proof. It is straightforward: in an Arveson system of type I\ we choose two 
units (u t )t, (v t )t such that \\u t \\ = 1, \\v t \\ = 1 and (u t ,v t ) = 0} for all 
t G [0, 00), and let a t (x t ) = u t , ct t (yt) = v t for all t G Q+. □ 

4.8 Lemma. Every rational-time subproduct system satisfying Condition 
(3) of Theorem 14.61 admits a representation in an Arveson system of type I\. 

Proof. We take the type I\ Arveson system of symmetric Fock spaces 

00 

E t = (L 2 (0, t)) 8n = C © L 2 (0, t) © L 2 (0, t) © L 2 (0, t) © . . . 

and map into the sum of the first two terms, 

at : E t ^C®L 2 {0,t) C ^, 
a* (a;^) = 1 © , (the vacuum vector) 
<*t{yt) = © ft , /* e L 2 (0, t) is defined by 
/ t ( S ) = AcV 6s forsG(0,t), 

A being the normalizing constant, 




if c= 1, 
if 1. 



□ 

A representation (as defined by 14.11) will be called reducible, if it is also a 
representation in a proper Arveson subsystem of the given Arveson system. 
Otherwise the representation is irreducible. All irreducible representations (if 
any) of a given rational-time subproduct system are mutually isomorphic. In 
this sense a rational-time subproduct system either extends uniquely to the 
corresponding Arveson system, or is not embeddable into Arveson systems. 

The representations constructed in Lemmas 14.71 14.81 are evidently irre- 
ducible. 

4.9 Theorem. If a rational-time subproduct system has an irreducible rep- 
resentation in an Arveson system then the Arveson system is of type I\. 

Proof. Combine Theorem 14.61 and Lemmas 14.71 14.81 □ 
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